Let Q = (0, T ) × Ω, where Ω is a bounded open subset of R d . We consider the parabolic pcapacity on Q naturally associated with the usual p-Laplacian. Droniou, Porretta and Prignet have shown that if a bounded Radon measure µ on Q is diffuse, i.e. charges no set of zero p-capacity, p > 1, then it is of the form
Introduction
Let Ω be a bounded open set in R d and Q = (0, T ) × Ω for some T > 0. For p > 1, the parabolic p-capacity of an open subset U of Q is defined by (see [5, 13] ) cap p (U ) = inf{ u W : u ∈ W, u ≥ 1 U a.e. in Q}, where W = {u ∈ L p (0, T ; V ) : u t ∈ L p ′ (0, T ; V ′ )}, V = W + u L 2 (Ω) , and W with the norm u W = u t L p ′ (0,T ;V ′ ) + u L p (0,T ;V ) . The capacity cap p is then extended to arbitrary Borel subset of Q in the usual way.
Let M b (Q) denote the space of all (signed) bounded Radon measures on Q equipped with the norm µ T V = |µ|(Q), where |µ| stands for the variation of µ. We call µ ∈ M b (Q) diffuse if it charges no set of zero parabolic p-capacity, i.e. if µ(B) = 0 for any Borel B ⊂ Q such that cap p (B) = 0. We denote by M 0,b (Q) the subset of M b (Q) consisting of all diffuse measures. Droniou, Poretta and Prignet [5] have shown that for every
(1.1)
The decomposition (1.1) plays crucial role in the study of evolution problems with measure data whose model example is
where ∆ p u = div(|∇u| p−2 ∇u) is the usual p-Laplace operator, p > 1, u 0 ∈ L 1 (Ω) and h : R → R (see [5, 9, 11] ). The decomposition (1.1) is a counterpart to the decomposition of diffuse measures proved in the stationary case by Boccardo, Gallouët and Orsina [2] (see also [7] for an extension to the Dirichlet forms setting). In the stationary case, each finite Borel measure µ on Ω that charges no set of zero p-capacity admits decomposition of the
3) proved to be important and useful in the study of elliptic equations with measure data (see, e.g., [3, 4, 5, 8] ). In the stationary case it is also known that if µ is a bounded Borel measure on Ω admitting decomposition (1.3), then it is diffuse (see [2] and also [7] for a related result concerning the capacity associated with a general Dirichlet operator). In the parabolic setting only a partial result in this direction is known. The difficulty is caused by the term g t appearing in (1.1). Petitta, Ponce and Porretta [11] (see also [10] ) have shown that if µ ∈ M b (Q) admits decomposition (1.1) with g having the additional property that g ∈ L ∞ (Q), then µ is indeed diffuse. The problem whether one can dispense with this additional assumption was left open. It is worth noting here that not every diffuse measure can be written in the form (1.1) with bounded g (see [10, 11] ).
In this note we show that if p > 1, then in the parabolic case the situation is the same as in the stationary case, i.e. if µ ∈ M b (Q) satisfies (1.1), then it is diffuse.
Main result
Define V, V ′ , W as in Section 1. We denote by ·, · the duality pairing between V ′ and V , and by ·, · the duality pairing between the dual space W ′ of W and W .
We start with recalling decompositions of Φ ∈ W ′ and µ ∈ M 0,b (Q) proved in [5] .
If Φ ∈ W ′ satisfies (2.1), then we write
Similarly, if µ ∈ M 0,b (Q) satisfies (2.3), then we write
Definition. Let Φ ∈ W ′ . We say that w ∈ L p (0, T ; V ) is a weak solution to the Cauchy-Dirichlet problem
In what follows, {j n } is a family of symmetric mollifiers defined on R × R d .
(i) There exists a unique weak solution w to (2.5).
(ii) Let Φ n = Φ * j n , i.e. Φ n , η = Φ, η * j n for η ∈ W , and let w n be a weak solution to the problem 6) where h n = h * j n , g n = g * j n , χ n = div(G * j n ) + γ * j n . By the definition of a weak solution and (2.6),
From the above equality it follows that w n − g n ∈ W and, by a standard approximation argument, that
Letting t ↓ 0 we get (w n − g n )(0) = 0. 
. By this and [5, (3.6) ] (see also the comment following it), the sequence {w n − g n } is bounded in W . Therefore, by [14, Corollary 4] and uniqueness of the solution to (2.5),
Lemma 2.5 below is the key to proving our main result. To state and prove it, we need some more notation.
Since cap p is subadditive (see [5, Proposition 2.8]), each µ ∈ M b (Q) has a unique decomposition (see [6] ) of the form
where µ d ∈ M 0,b (Q) (the diffuse part of µ) and µ c ∈ M b (Q) is concentrated on a set of zero p-capacity (the so-called concentrated part of µ). For µ ∈ M b (Q) with decomposition (2.7), we set
We denote by ω(n, m) (resp. ω(n, δ)) any quantity such that 
We denote by M b (Q) ∩ W ′ the set of elements Φ ∈ W ′ for which there exists c > 0
) (see the comments following [5, Definition 2.22]).
Remark 2.4. In the proof of Lemma 2.5, we will use [9, Lemma 5] , which was proved in [9] under the assumption that p > (2d + 1)/(d + 1). A close inspection of the proof of [9, Lemma 5] reveals that this additional assumption on p is unnecessary. The reason is that this assumption on p is needed in [9] to apply [9, Lemma 4] . However, from [5, Remark 2.3] it follows that the assertion of [9, Lemma 4] holds true for any p > 1.
Lemma 2.5. Let Φ ∈ M b (Q) ∩ W ′ and u n ∈ L p (0, T ; V ) be a weak solution to the problem
where
Let E ⊂ Q be a Borel set such that cap p (E) = 0 and ν c is concentrated on E. By regularity of the measure ν and [9, Lemma 5], for every δ > 0 there exists a compact
Clearly
Since Ψ is continuous and bounded, it follows from Proposition 2.3 and (2.11) that I 1 = ω(n, δ). We have
Using Proposition 2.3 and (2.12) shows that Q |∇u n | p ψ ′ (u n )ψ δ η dt dx = ω(n, δ). Applying Hölder's inequality, Proposition 2.3 and (2.11) also shows that the last two integrals on the right hand-side of (2.13) are quantities of the form ω(n, δ). Hence I 2 = ω(n, δ), and consequently
. By this and (2.14),
(2.15)
Taking θ(u n )η as a test function in (2.8) we obtain
By the definition of θ,
We have
so by Proposition 2.3,
By the above and (2.16),
Furthermore, by the definition of ψ,
and by (2.10) and (2.15), In case Φ is positive, Lemma 2.5 is essentially [12, Proposition 5] . Note that [12, Proposition 5] is proved for any positive Φ ∈ M b (Q). In Lemma 2.5 we drop the assumption that Φ is positive, but we additionally assume that Φ ∈ W ′ . 
